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Logistics
● Clarification: Confidence Intervals (Piazza)

● p% Confidence Intervals
● If we sample 100 times from the population and we take a 95% CI, only

then we see that the true parameter is captured by ~ 95 of the confidence 
intervals.

● If we have one sample and we bootstrap (resample) it 100 times, then we 
are not sure about it.
● If sample is representative, ~95 CIs will capture true parameter
● If sample is bad, fewer will capture the true parameter

● Per usual:
○ Feedback Form: https://tinyurl.com/feedbackD8Kevin

All resources can be found on kevin-miao.com
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Today
● Busy day
● Mean/Median
● Variability

○ Standard Deviation and Variance
● Standard Deviation and Normal Curves
● Central Limit Theorem
● Variability of Sample Mean



Worksheet

Link: https://tinyurl.com/d8tutweek11



Mean/Median
● Mean: The sum of all elements divided by the total number of 

elements in the collection.
○ Analogy: Seesaw and the balance point.

● Median: 50th percentile of the graph

Week ¼¼ � Sample Means� Center�Spread� 
Normal Distribution 
Data Ã Tutoring 

 

 

¼  Mean and Median 
KeU Concepts 
Mean� Definition 

The average� or mean� of a collection of numbers is the sum of all the elements 
divided bU the total number of elements in the collection�  

Median� Definition 
The median is the À»th percentile of a collection of numbers� It is the �middle� 
element�  

Properties of the Mean and Median 
Ɣ The mean and median aren�t necessarilU elements of the set of numbers�  
Ɣ TheU might not be an integer even if all the elements of the collection are 

integers� 
Ɣ If the collection consists of values measured in specified units� then theU have 

the same units too� 
Mean Rs� Median 

The median is alwaUs the midpoint of the data� while the mean is affected bU the 
magnitude of the data points� For eTample� if the data is concentrated to the right 
with fewer values on the left� the mean is dragged to the left bU those tail values� 
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Properties - Mean/Median
● Mean: The sum of all elements divided by the total number of 

elements in the collection.
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● Median: 50th percentile of the graph

Week ¼¼ � Sample Means� Center�Spread� 
Normal Distribution 
Data Ã Tutoring 

 

 

¼  Mean and Median 
KeU Concepts 
Mean� Definition 

The average� or mean� of a collection of numbers is the sum of all the elements 
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- The mean/median might not be true values
- The mean/median can become decimals
- Same units as the values you measured
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¼  Mean and Median 
KeU Concepts 
Mean� Definition 

The average� or mean� of a collection of numbers is the sum of all the elements divided bU 
the total number of elements in the collection�  

Median� Definition 
The median is the À»th percentile of a collection of numbers� It is the �middle� element�  

Properties of the Mean and Median 
● The mean and median aren�t necessarilU elements of the set of numbers�  
● TheU might not be an integer even if all the elements of the collection are integers� 
● If the collection consists of values measured in specified units� then theU have the 

same units too� 
Mean Rs� Median 

The median is alSaUs the midpoint of the data� Shile the mean is affected bU the 
magnitude of the data points� For eTample� if the data is concentrated to the right Sith 
feSer values on the left� the mean is dragged to the left bU those tail values� 

 
 

Practice Problems 
¼�¼ Suppose a set of numbers has mean value ¼À and median value ½»� Is the distribution of 
the values in the data skeSed left  or skeSed right � 
The data is skeSed left� because the loS values in the data  at left¡ pull the mean beloS the 
median� 

 

 
¼�½ In Phe graph on Phe lefP� is Phe mean or Phe median larger� 

The mean is larger Phan Phe median� becaQse iP is righP skeSed� 
¼�¾ SQppose UoQ haRe an arraU conPaining Phree ¼Ãs� seRen ¼¼s� and a Â¿�  

a� WriPe an ariPhmePic eTpression Po calcQlaPe Phe mean of Phe arraU� HoS does Phe Â¿ 
affecP Phe hisPogram� 

Mean Ó  ¾¦¼Ã Ï Â¦¼¼ Ï Â¿¡ �  ¾ÏÂÏ¼¡ 
IP caQses Phe hisPogram Po skeS Po Phe righP� 

 
b� NoS sQppose Se replace Phe Â¿ SiPh ¾À»� HoS does Phis affecP Phe mean� HoS 

aboQP Phe median� 
The mean increases� The median sPaUs Phe same�  

 

½  VariabiliPU 
KeU ConcepPs 
CalcQlaPing Variance and SD 

SD� �RooP mean sqQared deRiaPion from aRerage� 
           À        ¿            ¾                 ½                       ¼ 

¼� FirsP� find Phe aRerage of Phe disPribQPion� 
½� NeTP� find Phe difference bePSeen each nQmber in Phe disPribQPion and Phe aRerage� 
¾� SqQare each difference  so Phere are no negaPiRes¡� 
¿� NoS Pake Phe mean of all Phe sqQared differences�  Variance¡ 
À� Take Phe sqQare rooP of PhaP mean�  SPandard DeRiaPion¡ 

 
SPandard UniPO 

Practice Problems 
¼�¼ Suppose a set of numbers has mean value ¼À and median value ½». Is the 
distribution of the values in the data skewed left  or skewed right � 
 

 
 

 
 

¼�½ In the graph to the right, is the mean or the median larger� 
 
 
 

 
 

 
 
 
 

¼�¾ Suppose you have an array containing three ¼Ãs, seven ¼¼s, and a Â¿.  
a. Write an arithmetic expression to calculate the mean of the array. How does 

the Â¿ affect the histogram� 
 
 
 
 
 
 

E. Now suppose we replace the Â¿ with ¾À». How does this affect the mean� 
How about the median� 

 

 
 

 
 

Practice Problems 
¼�¼ Suppose a set of numbers has mean value ¼À and median value ½». Is the 
distribution of the values in the data skewed left  or skewed right � 
 

 
 

 
 

¼�½ In the graph to the right, is the mean or the median larger� 
 
 
 

 
 

 
 
 
 

¼�¾ Suppose you have an array containing three ¼Ãs, seven ¼¼s, and a Â¿.  
a. Write an arithmetic expression to calculate the mean of the array. How does 

the Â¿ affect the histogram� 
 
 
 
 
 
 

E. Now suppose we replace the Â¿ with ¾À». How does this affect the mean� 
How about the median� 

 

 
 

 
 

Practice Problems 
¼�¼ Suppose a set of numbers has mean value ¼À and median value ½». Is the 
distribution of the values in the data skewed left  or skewed right � 
 

 
 

 
 

¼�½ In the graph to the right, is the mean or the median larger� 
 
 
 

 
 

 
 
 
 

¼�¾ Suppose you have an array containing three ¼Ãs, seven ¼¼s, and a Â¿.  
a. Write an arithmetic expression to calculate the mean of the array. How does 

the Â¿ affect the histogram� 
 
 
 
 
 
 

E. Now suppose we replace the Â¿ with ¾À». How does this affect the mean� 
How about the median� 

 

 
 

 
 

Left skewed median mean
mean median

Right Skewed So the neon is

large
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350 is even larger you are skewing it
even more to theright



Variability
● These graphs have the same mean, but their spread spread is different.

● SD = Root ( Mean ( Squared ( Difference from the average))
● Variance = Standard Deviation 2

● Converting to SU 
○ Sometimes units are on different scales, i.e. you are predicting ($) vs gallons.

○ SU = !"#$% &"!%'"(%)*○ Just think of it as converting from Celsius to Fahrenheit.
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¼  Mean and Median 
KeU Concepts 
Mean� Definition 
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with fewer values on the left� the mean is dragged to the left bU those tail values� 
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Standard Normal Curve
● Standard Normal Curve:

○ Symmetric
○ Bell-shaped
○ Standard Deviation of 1
○ Mean of 0

● When we convert to standard units, we force a graph to look like 
this graph above!

¾   SD and Normal CQrRe 
KeU Concepts 
ORerRieS 

Here is the standard normal cQrRe  mean Ó »� SD Ó ¼¡ 
and some of its properties� 
Ɣ The total area Qnder the cQrRe is ¼»»Î� 
Ɣ The cQrRe is sUmmetric aboQt »� Sith its mean and 

median both eqQal to »� 
Ɣ If a Rariable has this distribQtion� its SD is ¼� The 

standard normal cQrRe is one of the feS distribQtions 
that has a SD so clearlU identifiable on the histogram� 

 
ChebUsheR�s BoQnds� The table on the right 
Qses ChebUsheR�s ineqQalitU to calcQlate the 
folloSing proportion of RalQes that fall Sithin 
k SDs of the mean� Remember that 
ChebUsheR�s boQnd Sorks for ALL 
distribQtions� Shich is ShU it is a Seaker 
boQnd� 
 
The table beloS shoSs the more specific boQnds for the normal distribQtion  note these 
are larger than ChebUsheR�s boQnds�¡� 
 

Practice Problem 
¾�¼ Vehicle speeds on a highSaU are normallU distribQted Sith mean Ä» mph and SD ¼» 
mph� Using the table aboRe� Shat is the approTimate probabilitU that a randomlU chosen 
car is going more than ¼»» mph�  
 
HinP� Remember that the total area Qnder the normal cQrRe is ¼� and that the area Qnder 
a region of the cQrRe represents the proportion of total data that falls in that region� 



Graph Fact
● By Chebyshev’s bound (if you are interested, hit me up 

for the proof):
○ For all distributions, we know this is true:

¾   SD and Normal CQrRe 
KeU Concepts 
ORerRieS 

Here is the standard normal cQrRe  mean Ó »� SD Ó ¼¡ 
and some of its properties� 
Ɣ The total area Qnder the cQrRe is ¼»»Î� 
Ɣ The cQrRe is sUmmetric aboQt »� Sith its mean and 

median both eqQal to »� 
Ɣ If a Rariable has this distribQtion� its SD is ¼� The 

standard normal cQrRe is one of the feS distribQtions 
that has a SD so clearlU identifiable on the histogram� 

 
ChebUsheR�s BoQnds� The table on the right 
Qses ChebUsheR�s ineqQalitU to calcQlate the 
folloSing proportion of RalQes that fall Sithin 
k SDs of the mean� Remember that 
ChebUsheR�s boQnd Sorks for ALL 
distribQtions� Shich is ShU it is a Seaker 
boQnd� 
 
The table beloS shoSs the more specific boQnds for the normal distribQtion  note these 
are larger than ChebUsheR�s boQnds�¡� 
 

Practice Problem 
¾�¼ Vehicle speeds on a highSaU are normallU distribQted Sith mean Ä» mph and SD ¼» 
mph� Using the table aboRe� Shat is the approTimate probabilitU that a randomlU chosen 
car is going more than ¼»» mph�  
 
HinP� Remember that the total area Qnder the normal cQrRe is ¼� and that the area Qnder 
a region of the cQrRe represents the proportion of total data that falls in that region� 
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Graph Fact: Normal Distribution

○ For the normal distribution (symmetric bell-
shaped curve), we know more:

¾   SD and Normal CQrRe 
KeU Concepts 
ORerRieS 

Here is the standard normal cQrRe  mean Ó »� SD Ó ¼¡ 
and some of its properties� 
Ɣ The total area Qnder the cQrRe is ¼»»Î� 
Ɣ The cQrRe is sUmmetric aboQt »� Sith its mean and 

median both eqQal to »� 
Ɣ If a Rariable has this distribQtion� its SD is ¼� The 

standard normal cQrRe is one of the feS distribQtions 
that has a SD so clearlU identifiable on the histogram� 

 
ChebUsheR�s BoQnds� The table on the right 
Qses ChebUsheR�s ineqQalitU to calcQlate the 
folloSing proportion of RalQes that fall Sithin 
k SDs of the mean� Remember that 
ChebUsheR�s boQnd Sorks for ALL 
distribQtions� Shich is ShU it is a Seaker 
boQnd� 
 
The table beloS shoSs the more specific boQnds for the normal distribQtion  note these 
are larger than ChebUsheR�s boQnds�¡� 
 

Practice Problem 
¾�¼ Vehicle speeds on a highSaU are normallU distribQted Sith mean Ä» mph and SD ¼» 
mph� Using the table aboRe� Shat is the approTimate probabilitU that a randomlU chosen 
car is going more than ¼»» mph�  
 
HinP� Remember that the total area Qnder the normal cQrRe is ¼� and that the area Qnder 
a region of the cQrRe represents the proportion of total data that falls in that region� 

0
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½  VariabilitU 
KeU Concepts 
CalcQlaPing Variance and SD 

SD� �Root mean sqQared deRiation from aRerage� 
      À        ¿            ¾                 ½                       ¼ 

AssQme dist = [2, 4, 6, 8, 10] 
Ɣ First� find the aRerage of the distribQtion�  

○ aYerage = 6 
Ɣ NeTt� find the difference betSeen each nQmber in the distribQtion and the 

aRerage� 
○ differences = [-4, -2, 0, 2, 4] 

Ɣ SqQare each difference  so there are no negatiRes¡� 
○ sqXared_differences = [16, 4, 0, 4, 16] 

Ɣ NoS take the mean of all the sqQared differences�  Variance¡ 
○ mean_sqXared_differences = 8 

Ɣ Take the sqQare root of that mean�  Standard DeRiation¡ 
○ root_mean_sqXared_differences = ¥8 

 
AlternatiRelU� UoQ can also Qse np.std(arra\)  to calcQlate the standard deRiation� 

 
SPandard UniPs 
To conRert a RalQe to standard Qnits  a Qnitless measQre¡� 
first find hoS far it is from the aRerage of the distribQtion� 
and then compare that deRiation Sith the standard 
deRiation of the distribQtion� 

 
Practice Problems 
½�¼ Write code to conRert the delaU times in colQmn 
�DelaU� from the Xnited  table at right to standard Qnits� 
Name the arraU of conRerted times dela\_standard . 

 

 
 
 
 

delaystandard United Coleen e Dela's
hpaverasec
unitedcolumnC betas

hp Std United colume
Delay j
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¾   SD and Normal CQrRe 
KeU Concepts 
ORerRieS 

Here is the standard normal cQrRe  mean Ó »� SD Ó ¼¡ 
and some of its properties� 
Ɣ The total area Qnder the cQrRe is ¼»»Î� 
Ɣ The cQrRe is sUmmetric aboQt »� Sith its mean and 

median both eqQal to »� 
Ɣ If a Rariable has this distribQtion� its SD is ¼� The 

standard normal cQrRe is one of the feS distribQtions 
that has a SD so clearlU identifiable on the histogram� 

 
ChebUsheR�s BoQnds� The table on the right 
Qses ChebUsheR�s ineqQalitU to calcQlate the 
folloSing proportion of RalQes that fall Sithin 
k SDs of the mean� Remember that 
ChebUsheR�s boQnd Sorks for ALL 
distribQtions� Shich is ShU it is a Seaker 
boQnd� 
 
The table beloS shoSs the more specific boQnds for the normal distribQtion  note these 
are larger than ChebUsheR�s boQnds�¡� 
 

Practice Problem 
¾�¼ Vehicle speeds on a highSaU are normallU distribQted Sith mean Ä» mph and SD ¼» 
mph� Using the table aboRe� Shat is the approTimate probabilitU that a randomlU chosen 
car is going more than ¼»» mph�  
 
HinP� Remember that the total area Qnder the normal cQrRe is ¼� and that the area Qnder 
a region of the cQrRe represents the proportion of total data that falls in that region� 
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Central Limit Theorem
● There is something cool about the mean:

○ If we collect a large, random sample with replacement,
regardless of the distribution of the population, the distribution 
of all your sample means (or the sum of the samples) will be 
approximately normal. 

Week ¼¼ � Sample Means� Center�Spread� 
Normal Distribution 
Data Ã Tutoring 

 

 

¼  Mean and Median 
KeU Concepts 
Mean� Definition 

The average� or mean� of a collection of numbers is the sum of all the elements 
divided bU the total number of elements in the collection�  

Median� Definition 
The median is the À»th percentile of a collection of numbers� It is the �middle� 
element�  

Properties of the Mean and Median 
Ɣ The mean and median aren�t necessarilU elements of the set of numbers�  
Ɣ TheU might not be an integer even if all the elements of the collection are 

integers� 
Ɣ If the collection consists of values measured in specified units� then theU have 

the same units too� 
Mean Rs� Median 

The median is alwaUs the midpoint of the data� while the mean is affected bU the 
magnitude of the data points� For eTample� if the data is concentrated to the right 
with fewer values on the left� the mean is dragged to the left bU those tail values� 

 

 
 

• Sample many times (large samples, with 
replacement)

• Take the mean
Array of 
sample means

Normal Curve
Centered at
true mean

Where you read mean, you can also sub in sum



Variability of Sample Mean

● SD of Sample Means = !"#$%&'(") *+*&,#%- *(.-
● So the smaller the SD, the more accurate my estimate.

Array of 
sample means

Normal Curve
Centered at
true mean

The standard deviation of 
these sample means 
depends on the sample 
size!
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¿  Central Limit Theorem 
KeU Concepts 
OReNRieS 

The Central Limit Theorem saUs that the probabilitU distribution of the OQI KN 
aReNage Kf a HaNge NaJdKI OaILHe dNaSJ SiPh NeLHaceIeJP SiHH be NKQghHU 
JKNIaH� regardless of the distribution of the population from which the sample is 
drawn� 
 

Practice Problems 
¿�¼ Suppose Uou simulate the proportion of purple�flowered plants in a sample of ½»» 
plants  from Mendel�s ÂÀÎ purple� and ½ÀÎ white�flower plant population¡ using 
VamSle_SUoSoUWionV  ¼»»» times� Then� Uou plotted distribution of the proportion 
of purple�flowered plants from each of the ¼»»» trials� What would this distribution 
look like� Where would the distribution be centered�  

 
 

 
 
 
¿�½ What would it look like if we used a sample siVe of Ã»» instead� 
 

 
 

 
 

À  VariabilitU of the Sample Mean 
KeU Concepts 
The SD Kf Phe SaILHe MeaJ 

 
This is the standard deviation of the averages of all the possible samples that could 
be drawn� IP IeaOQNeO NKQghHU hKS faN Kff Phe OaILHe IeaJO aNe fNKI Phe 
LKLQHaPiKJ IeaJ�  The smaller the SD� the more accurate the estimate�  
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À  VariabilitU of the Sample Mean 
KeU Concepts 
The SD Kf Phe SaILHe MeaJ 

 
This is the standard deviation of the averages of all the possible samples that could 
be drawn� IP IeaOQNeO NKQghHU hKS faN Kff Phe OaILHe IeaJO aNe fNKI Phe 
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I
s

The distribution is centered at 75 s

APPLE normally distributed by CLI

h sample Zoo Poo

Tt'd be skinnier and taller



Q5 

Practice Problems 
À�¼ As sample size increases, what happens to the distribution of the sample mean? 
Does it become narrower or wider? Where is it centered? 
 
 
 
 
 
À�½ Does population size affect the variability of the sample mean? 
 
 
 
 
 
À�¾ If you had a sample size of 100, but wanted to increase accuracy by a factor of 4, 
what should the new sample size be? 

narrower centered at PopulationMecca

Population site does not directly offcet variability
of sample men

popes SDsanple
1600 j SDsample g g

Pepsisale
pop
nooecessire



End of Section
● Please complete the anonymous Feedback form so I can improve 

my teaching:
● https://tinyurl.com/feedbackD8Kevin

● Solutions and notes will be posted after Wednesday.

● Email me if you have any questions: kevinmiao@berkeley.edu


